Abstract -An investigation of the mechanism of period-doubling bifurcation in a voltage mode controlled buck-boost converter operating in discontinuous conduction mode is conducted from the viewpoint of nonlinear dynamical systems. The discrete iterative model describing the dynamics of the close-loop is derived. Period-doubling bifurcation occurs at certain values of the feedback factor. Results from numerical simulations and experiments are provided to verify the evolution of perioddoubling bifurcation, and the results are consistent with the theoretical analysis. These results show that the buck-boost converters exhibit a wide range of nonlinear behavior, and the system exhibits a typical period-doubling bifurcation route to chaos under particular operating conditions.
Introduction
Chaotic behavior and nonlinear phenomena in PWM DC-DC converters have been extensively studied in recent years. Several kinds of nonlinear phenomena including bifurcation [1] [2] [3] [4] [5] , quasi-periodicity [6, 7] , and chaos [8] [9] [10] [11] [12] [13] [14] [15] have been found in different control schemes. The wide use of these converters requires a deeper understanding of the nature of these nonlinear phenomena in order to improve their performances and practical designs.
Most published papers have mainly focused on the study of bifurcation and chaos in buck converters [1, 4, [10] [11] [12] and boost converters [2, 3, [13] [14] [15] . On the other hand, buck-boost converters, one of the most important converters extensively used in power supplies and industrial applications, have been less reported. Voltage mode controlled buck-boost converters operating in discontinuous conduction mode (DCM) exhibit typical period-doubling bifurcation under certain operating conditions. To date, there have been no rigorous attempts to analyze the essential mechanism causing period-doubling bifurcation in such systems. The objective of this paper is to explain the mechanism of period-doubling bifurcation in buck-boost converters in the light of nonlinear dynamical systems. A first-order iterative map that describes the openloop dynamics of this system has been derived. The closedform iterative map with the feedback factor as a parameter that describes the dynamics of the close-loop has been derived as well. Using this closed-form map, the conditions leading to the period-doubling bifurcation are deduced mathematically according to the theorem of perioddoubling bifurcation. Discrete iterative maps, the bifurcation diagram with the feedback factor as a parameter, and the Lyapunov exponent are used to analyze the evolution of period-doubling bifurcation. Finally, a circuit is constructed to demonstrate the presence of the perioddoubling bifurcation and the chaotic behavior, thus validating the correctness of the theory.
Derivation of Discrete Iterative Map for
Buck-Boost Converters In Fig. 1 , the circuit model of a buck-boost converter is shown. The model includes a switch, a diode, a capacitor C, an inductor L, a load resistor R, an input voltage source E, and a control-loop which comprises two comparators and an amplifier, where X is the desired output voltage, k is the feedback factor, and D is the duty cycle in steady-state. The assumptions are made as follows:
(i) The buck-boost converter operates in DCM.
(ii) All the components in the buck-boost converter circuit are ideal and no parasitic effects are considered. Hence, there are three circuit states. Assume that the circuit is at the switch state 1 when the switch is off and the diode is on, at the switch state 2 when the switch is on and the diode is off, and at the switch state 3 when the switch is off and the diode is off.
Let x denote the state vector of the circuit, i.e.,
where v C is the voltage across the capacitor and i L is the current through the inductor. We assume that the circuit is at the switch state 1 for ' n n t t t ≤ < , at the switch state 2 for ' ' ' n n t t t ≤ < , and at the switch state 3 for '' 1 n n t t t + ≤ < . The state equation for the circuit in any switch state can be written in the form of
.
where E is the input voltage, and the coefficient matrices of A and B are given by
The buck-boost converter is a second-order system because it has two energy storage elements. However, the inductor current i L does not really act as a state variable when the converter operates in DCM because the inductor current i L drops to zero before the next period begins. In other words, i L =i n =i(nT)=0 for all n, where n denotes the value at the beginning of the nth cycle. Thus, the system is first order.
The iterative map that expresses x(t n+1 ) in terms of x(t n ) can be derived as follows [13] : 
where ' c n n
is given by the following series:
By truncating the Tayler series in (7) to the first two terms, the ( )
The relationship of c t , d t , and e t can be obtained as follows:
where d n is the duty cycle during the nth period. The relationship between t e and t d can be derived based on the rate of the current through the inductor during the switching period.
Substituting (2)- (5), (8)- (9) into ( 
When d n varies with x n , the system is said to be a closeloop system. From Fig. 1 , the duty cycle d n can be expressed as follows:
By substituting (11) into (10), the discrete iterative map for the close-loop buck-boost converter system can be derived as follows:
where 0, 0
Eq. (10) can also be expressed from (11), which gives
Conditions Leading to Period-doubling Bifurcation in DCM Buck-Boost Converters
When the output voltage x is equal to the desired voltage X, the system is stable. Thus, the fixed point of this system is x * =X. By substituting x n+1 =x n =X into (12), D can be calculated as follows:
In (15), the parameters must satisfy the following condition:
The period-doubling bifurcation will occur on the instable boundary. The instable boundary can be computed as follows:
Thus, the value of the feedback factor k * at * x X = from (17) can be calculated as follows:
It means that bifurcation will occur at the fixed point 
) 0
The direction of the bifurcation in this system is rightward as k varies.
Based on the theorem of period-doubling bifurcation [9] , the Schwarzian derivative of f must be negative, and it can be written as S(f, x)<0, i.e.,
By substituting (12) (11) can be obtained as follows:
Notice that the k is positive, hence, ' ( ) 0 d x < . Substitution of (23) and (24) 
The system has a negative Schwarzian derivative. In summary, the voltage mode controlled buck-boost converter operating in DCM satisfies the hypothesis of the theorem of period-doubling bifurcation. Therefore, the discrete iterative map of this system undergoes the perioddoubling bifurcation at a fixed point, and the perioddoubling bifurcation behavior will occur inevitably in this system.
Analysis of the Evolution of Period-doubling Bifurcation and Chaos in Buck-Boost Converter
The circuit parameters of the buck-boost converter are listed in Table 1 . Based on the circuit parameters, the coefficients of α, β, and D can be calculated, i.e., α=0.8872, β=1.2, and D=0.4787.
By substituting circuit parameters into (18), the value of k * at x * =25 can be calculated, which is k * =0.1504. That is, the period-doubling bifurcation will occur at the fixed point (x * ,k * )=(25, 0.1504). In Fig. 2 , the graph of f(x n ) is shown with k=0.1504. In Fig. 3 , the graph of f (2) (x n ) is shown with k=0.1504. The slope at the same fixed point of f (2) (x n ) is +1. Therefore, the fixed point (x * ,k * )=(25, 0.1504) is the unstable point in period-1, and also the beginning point in the stable period-2.
As shown in Fig. 4 , there are three fixed points for the large value of k above 0.1504. Two of them are new stable points because their slopes are less than 1, thus the system is in the stable period-2. The fixed point of period-1 still exists as an unstable point because its slope is larger than 1. (2) (k,x) for k =0.1895
The second period-doubling bifurcation will occur at k= 0.1895. Fig. 5 illustrates that the slopes at the two period-2 fixed points are -1, therefore, the period-2 orbit losses stability.
In Fig. 6 , there are seven fixed points. Four of these points are new stable point because their slopes are less than 1, thus the system is in the stable period-4. The fixed points of period-1 and period-2 still exist as unstable points because their slopes are larger than 1. The evolution of period-doubling bifurcation in voltagemode controlled DCM buck-boost from period-1 to period-2, and period-4 with feedback factor k as parameter, is shown in Fig. 2-7 . Finally, the system will result in chaos at the rate of Feigenbaum constant. 
The period-doubling bifurcation can be estimated to vanish at k≈0.205, thus, the system is chaotic.
Furthermore, the evolution of period-doubling bifurcation can be indicated by the bifurcation diagram and Lyapunov exponents. The bifurcation diagram of the buckboost converter with feedback factor k as parameter is shown in Fig. 7 , in which the horizontal direction is the feedback factor k between 0.1 and 0.3, and the vertical direction is the state variable x n which ranges from 23 to 33 V. The bifurcations, subharmonics, and chaotic behavior can be seen in the diagram. As shown in Fig. 8 , the buckboost converter goes through period-1, period-2, and period-4, and eventually exhibits chaos as k varies. The stable period-1 is observed while k varies from 0.1 to 0.1503. The first period-doubling bifurcation occurs at k=0.1504 and the converter enters a stable period-2 region. As the k is continuously increased to 0.1895, the second period-doubling bifurcation occurs and the converter enters a stable period-4 region. The converter eventually exhibits chaos when k=0.205. In the study of chaotic systems, Lyapunov exponents are often used to identify and quantify chaos. For a first-order system, there is one Lyapunov exponent. In Fig. 8 , the value of a numerically calculated Lyapunov exponent for this system is plotted as a function of the parameter k over the same range as in Fig. 7 . For stable periodic and subharmonic motions, the Lyapunov exponent must be negative. For periodic motions, the Lyapunov exponent is zero, and for chaotic motions, the Lyapunov exponent is positive. The period-doubling bifurcation will occur when the Lyapunov exponent is changed from the negative value in the original state to zero, and then to the negative value. The tangent bifurcation will occur when the Lyapunov exponent is changed from the positive value in the original state to zero, and then to the negative value. At k=0.1504, where the fixed point changes from attracting to repelling, an attracting periodic orbit is generated, and the Lyapunov exponent is 0. When k=0.205, the Lyapunov exponent is positive, which means that the system is chaotic. The variation range of k is the same as that in Fig. 7 .
Simulation and Experiment

Simulation
Figs. 9-11 show the simulation waveforms for this system with different k=0.13, 0.18, and 0.25, respectively. In the figures, the upper curves are the waveforms for v C and the lower ones are for i L . The system is stable when k=0. 13 . There are two peaks in the waveforms when k=0.18. Therefore, the system is in period-2 and oscillation occurs, and the system is chaotic when k=0.25. 
Experiment
In this section, an experimental circuit of a voltage-mode controlled buck-boost converter is built and shown in Fig.  12 to validate the theoretical analysis. The feedback factor k can be adjusted by varying R f , and it is used as a bifurcation parameter. According to the above theoretical analysis, the system is in stable period-1 for k <0.1504. The first bifurcation will occur at k=0.1504, and it is chaotic for k >0.205. Figs.  13-15 show the typical period-1, period-2, and chaotic waveforms; and the phase trajectory with k=0.13, 0.18, and 0.25, respectively. In Figs. 13-15 , the system goes through period-1, period-2, and eventually exhibits chaos as the feedback factor k varies from 0.12 to 0.25. Therefore, the direction of the bifurcation in the system is rightward as k varies.
In summary, the experimental results support and validate the theoretical analysis.
Conclusion
In this paper, the voltage-mode controlled buck-boost converter operating in DCM was investigated to ascertain the mechanism of period-doubling bifurcation in such systems. The nonlinear discrete iterative maps which describe buck-boost converters in open-loop and closedloop forms were generated. Due to the dynamical systems, the period-doubling bifurcation will occur inevitably in the buck-boost converter. The analysis of the dynamic evolution of the period-doubling bifurcation and chaos was conducted using graphical iteration, bifurcation diagram, and Lyapunov exponent. The voltage-mode controlled buck-boost converter exhibited period-doubling bifurcation for certain values of the feedback factor. Experimental results at different values of the feedback factor k were used to validate the period-doubling bifurcation and chaos behavior. The results of this experiment validated the theoretical analysis, which shows that the buck-boost converters exhibit a wide range of nonlinear behavior, and the system approaches to chaos via period-doubling route as the feedback factor varies. Thus, a sufficiently large feedback gain will enable the system to produce perioddoubling bifurcation. This method can also be applied to other power converters.
